Abstract. Edge bundling is an important concept heavily used for graph visualization purposes. To enable the comparison with other established near-planarity models in graph drawing, we formulate a new edge-bundling model which is inspired by the recently introduced fan-planar graphs. In particular, we restrict the bundling to the endsegments of the edges. Similarly to 1-planarity, we call our model 1-fan-bundle-planarity, as we allow at most one crossing per bundle. For the two variants where we allow either one or, more naturally, both endsegments of each edge to be part of bundles, we present edge density results and consider various recognition questions, not only for general graphs, but also for the outer and 2-layer variants. We conclude with a series of challenging questions.
Introduction
Edge bundling is a powerful tool used in information visualization to avoid visual clutter. When the edge density of the network is too high, the traditional techniques of graph layouts and flow maps become unusable. In this case, grouping together parts of edges that flow parallel to each other into a single bundle allows to reduce the clutter and improve readability. Among the many, we mention here the seminal papers of Holten [17] , and of Telea and Ersoy [22] , which focus on radial layouts, as well as works on flow maps [9] and parallel coordinates [24] . For an overview refer to Zhou et al. [23] .
In this work, we combine for the first time this powerful visualization technique with previous theoretical considerations from the area of nearly-planar graphs, where in addition to a planar graph structure some crossings are allowed, if they are limited to locally defined configurations. Classical examples include 1-planar graphs [21] , which can be drawn so that each edge is crossed at most once, and quasi-planar graphs [2] , which allow for drawings not containing any three mutually crossing edges.
Another typical example of nearly-planar graphs are the fan-planar graphs [19] . In a fan-planar drawing [5, 6, 7, 19] , an edge is allowed to cross multiple edges as long as they belong to the same fan, that is, if they are all incident to a common vertex; refer to Fig. 1a . Such a crossing is called a fan crossing. The idea is that edges incident to the same vertex are somehow close to each other, and thus having an edge crossing all of them does not affect readability too much. In other words, edges of a fan can be grouped into a bundle, so that the crossings between an edge and all the edges of the fan become a single crossing between this edge and the corresponding bundle. In Fig. 1b , we show the bundle-like edge routing corresponding to the fan-planar drawing in Fig. 1a . Note, however, that the original definition of fan-planar drawings does not always allow for this type of bundling, as in the case of graph K 4,n−4 , for large enough n (see Section 2) . We thus introduce 1-fan-bundle-planar (1-fbp for short) drawings, in which edges of a fan can be bundled together and crossings between bundles are allowed as long as each bundle is crossed by at most one other bundle; see Figs. 1b-1d. Formally, in a 1-fbp drawing every edge has 3 parts: the first and last parts are fan-bundles, which may be shared by several edges; the middle part is unbundled. Each fan-bundle can cross at most one other fan-bundle. The unbundled parts are crossing-free. Fan-bundles are not allowed to branch, i.e., each fan-bundle has two endpoints: one of them is the vertex the fan is incident to, while at the other one all edges in the fan are separated from each other.
The "1-planarity" restriction prevents a fan-bundle of an edge to cross edges of several fans, which is not allowed in fan-planar drawings. Since every edge has two fan-bundles, each of which can cross another fan-bundle, it is possible that an edge crosses two different fans, making the drawing not fan-planar. To avoid this, we introduce a restricted model of 1-fbp drawings, called 1-sided, in which an edge can be bundled with other edges only on one of its endvertices; see Fig. 1d . This restriction implies that 1-sided 1-fbp drawings are fan-planar. As we will see in Section 2, this is not the case for the so-called 2-sided model, in which each edge has two fan-bundles (see .
Since each bundle collects a set of edges and allows them to participate in a crossing, natural near-planarity theoretical questions arise: (i) Characterize or recognize the graphs that admit 1-fbp drawings, and (ii) provide upper and lower bounds on their edge density, i.e., the maximum number of edges with respect to the number of vertices. We study these questions in the general case and in two restricted variants that have been commonly studied for other classes of nearlyplanar graphs. Namely, in an outer -1-fbp drawing all the vertices are incident to the unbounded face of the drawing, while in a 2-layer 1-fbp drawing the graph is bipartite, and the vertices of the two partitions lie on two parallel lines and the edges lie completely between these lines. Th.2 2-sided 2n − 4 3n − 7 Th.7 4n − 9 4n − 9 Th.6 6n − 18 8.6n − 15.6 Th. 5, 8 Our Contribution. In Section 2, we study inclusion relationships between the classes of 1-and 2-sided 1-fbp graphs and other classes of nearly-planar graphs.
In Section 3, we present bounds on the edge density of these classes; see Table 1 . We then prove in Section 4 that the recognition problem is NP-complete in general for both 1-and 2-sided models, while in Section 5 we present linear-time recognition and drawing algorithms for biconnected and maximal 2-layer 1-fbp graphs, and triconnected outer-1-fbp graphs in the 1-sided model. We conclude in Section 6 with open problems.
Related Work. Apart from 1-planar [21] , quasi-planar [2] , and fan-planar [19] graphs, which have already been discussed, several other classes of nearly-planar graphs have been proposed over the last few years, e.g.: (i) k-planar [20] , which generalize 1-planar graphs, as they can be drawn so that each edge is crossed at most k times; (ii) fan-crossing free [10] , which complement fan-planar graphs, as they forbid fan crossings but allow each edge to cross several pairwise independent edges; and (iii) RAC [12] , which admit straight-line drawings in which edges cross at right angles. These classes have been mainly studied with respect to their edge density [1, 10, 12, 19, 20, 21] and to the complexity of their corresponding recognition problem, which has been proven NP-complete for most of the classes [3, 7, 16] , except for quasi-planar and fan-crossing free graphs, whose complexities are unknown. However, for the restricted outer and 2-layer cases, several polynomialtime algorithms have been given [4, 5, 15, 18] .
Fink et al. [13] considered a different style of edge bundling, where groups of locally parallel edges are bundled and only bundled crossings are allowed. Confluent drawings do not explicitly bundle edges, but represent edges by planar curves that are not interior-disjoint, so the parts that are used by several edges can be interpreted as bundles [11] .
Preliminaries. A graph G admitting a 1-sided (2-sided) 1-fbp drawing is called 1-sided (2-sided ) 1-fbp. Graph G is maximal if the addition of any edge destroys its 1-fan-bundle-planarity (in every drawing). Analogously, we define the (maximal) 1-or 2-sided outer-1-fbp and 2-layer 1-fbp graphs. The drawings we consider are almost simple, meaning that no two fan-bundles of the same vertex cross. However, two edges incident to the same vertex may cross; see, e.g., Fig. 8f in Appendix A. A rotation system describes the clockwise order of the edges around each vertex of G. 2-planar [7] fan-planar by joining on a path the 4 vertices of its first bipartition and on a second path the 12 vertices of its second one (see Fig. 2 (a) in [19] ). D 12 corresponds to the graph obtained from the dodecahedron by adding a pentagram in each of its faces (see Fig. 2 
A vertex u can be incident to several fan-bundles. Let B u be such a fanbundle. We say that B u is anchored at u, which is the origin of B u . We refer to the endpoint of B u different from u (the point where all the edges of B u are separated from each other) as the terminal of B u , and to the endvertex different from u of any edge in B u as a tip of B u . A B u -B v -following curve is a curve that starts at u, follows B u up to the crossing point with B v , then follows B v , and ends at v without crossing fan-bundles.
Relationships with other graph classes
In this section, we discuss inclusion relationships between the classes of 1-and 2-sided 1-fbp graphs and other relevant classes of nearly-planar graphs; see Fig. 2a .
The inclusion relationship 1-planar ⊆ 1-sided 1-fbp ⊆ fan-planar follows directly from the definition of 1-sided 1-fbp graphs, and the same holds for the inclusion 2-planar ⊆ 2-sided 1-fbp. Also, Binucci et al. [7] proved that the class of 2-planar graphs is incomparable with the one of fan-planar graphs.
The graph D 12 obtained from the dodecahedron by adding a pentagram in each of its faces is 2-planar, fan-planar, and meets the common maximum density of these classes of graphs [19] ; see Fig. 8b . As we will see in Section 3, this graph is too dense to be 1-sided 1-fbp (and hence 1-planar). Since K 9 has more than 5n − 10 edges, it is neither fan-planar nor 2-planar. However, K 9 is 2-sided 1-fbp; see Fig. 8a . We do not know whether K 10 is 2-sided 1-fbp or not, but we know that there exists a value n for which K n is not 2-sided 1-fbp, since these graphs have O(n) edges; see Section 3. We recall that K 10 is quasi-planar [8] .
In Fig. 8d , we demonstrate that the graph K 4,12 obtained from K 4,12 by joining on a path the 4 vertices of its first bipartition and on a second path the 12 vertices of its second bipartition is 2-sided 1-fbp. This graph is fan-planar [19] , but not 2-planar (as it contains K 3,11 as a subgraph, which is not 2-planar; see Lemma 1) . In addition, this particular graph contains 62 edges and is therefore too dense to be 1-sided 1-fbp (see Section 3).
We now show that K 3,11 is not 2-planar; note that even K 3,14 is 1-sided 1-fbp; see Fig. 8f . We also show that K 3,10 is 2-planar, by a more general proof.
Proof (sketch). To obtain a k-planar drawing of K 3,4k+2 , we merge two copies of the drawing of K 3,2k+1 of Fig. 2b . For the negative result, we show that in any k-planar drawing of K 3,4k+3 there is an induced K 2,2 whose edges do not cross each other, and that the third vertex of the first bipartition can lie neither inside nor outside the region bounded by this K 2,2 (due to the crossing restrictions). For the full proof refer to Appendix B.
As already noted, K 4,n−4 is fan-planar. We now show that there is a value n such that K 4,n−4 is not 2-sided 1-fbp. Hence, fan-planar (and also quasi-planar) graphs are not a subclass of 2-sided 1-fbp graphs. Note that K 4,14 is 2-sided 1-fbp; see Fig. 8e .
Proof (sketch). Assume that K 4,n−4 admits a 2-sided 1-fbp drawing Γ . Using Lemma 1, we can prove that in Γ there is a fan-bundle B u anchored at a vertex u of the first bipartition that is shared by a certain number z > 0 of edges. We then consider the graph K 3,z composed of the three vertices different from u in the first bipartition and of the z vertices of the second bipartition that are tips of B u . Using Lemma 1 again, we can prove that in Γ there is a fan-bundle B v anchored at another vertex v of the first bipartition that is shared by at least nine edges. Thus, B u and B v have at least nine common tips. Finally, we prove that this is not possible. For the full proof refer to Appendix B.
Density
In this section, we consider Turán-type problems concerning 1-sided and 2-sided 1-fbp graphs, i.e., we ask what is the maximum number of edges they can have. 1-sided model. We start by giving a tight bound for the density.
Theorem 2. A 1-sided 1-fbp graph with n ≥ 3 vertices has at most (13n−26)/3 edges, which is a tight bound.
Proof. Let Γ be a 1-sided 1-fbp drawing of a maximally dense 1-sided 1-fbp graph G with n vertices, i.e., G has the largest possible number of edges. To estimate this number we transform G into a (not necessarily simple) maximal planar graph with no pair of homotopic parallel edges, i.e., both the interior and the exterior regions defined by any pair of parallel edges contain at least one vertex. Under this assumption, the maximum number of edges of a planar multi-graph on n vertices is still 3n − 6. We say that Γ contains an edge e, if there exists a drawn edge of G in Γ that is homotopic to e. Consider two crossing fan-bundles B u and B v in Γ anchored at vertices u and v of G, respectively; see Fig. 3a . Let (u, u 1 ), . . . , (u, u µ ) and (v, v 1 ), . . . , (v, v ν ) be the edges bundled in B u and B v , in the order that they appear around the terminals of B u and B v in Γ , such that (u, u 1 ) and (v, v 1 ) are the edges that follow B u and B v along their terminals in clockwise direction. Note that B u and B v may share some tips, i.e., there may exist indices i, j, with 1 ≤ i ≤ µ and 1 ≤ j ≤ ν, such that u i = v j (e.g., by the maximality of G, v 1 = u µ holds).
Consider the edge (u, v) that one can draw in Γ as a B u -B v -following curve; we call (u, v) the base-edge of B u and B v . Since G is maximally dense, Γ contains this edge. For the same reason, Γ contains the edges (v, u 1 ), . . ., (u µ−1 , u µ ), (u µ , v 1 ), . . ., (v ν−1 , v ν ), and (v ν , u) that can be drawn by following either B u , or B v , or the unbundled parts of the edges incident to u and v (dotted in Fig. 3a) .
We now describe a transformation of G; see Fig. 3b . We remove from G all edges bundled in B v and introduce edges (u, v 2 ), . . . , (u, v ν−1 ), drawn crossingfree completely in the interior of the region defined by edges (u, v 1 ), . . . , (v ν−1 , v ν ), and (v ν , u) in Γ . Note that this transformation eliminates the crossing between B u and B v , without introducing homotopic parallel edges. However, the transformed drawing has two edges less than Γ , namely (v, v 1 ) and (v, v ν ). Applying this transformation recursively to every pair of crossing fan-bundles, we obtain a planar drawing Γ of a (not necessarily simple) graph G on the same vertices as G with no pair of homotopic parallel edges. Hence, G has at most 3n − 6 edges and 2n − 4 faces. As noted above, G contains as many edges as G plus twice the number of transformations. If a transformation involves exactly four vertices, then it introduces two faces of Γ which will no be part of another transformation, as they are delimited by uncrossed edges, and Γ has only one edge less than Γ . If a transformation involves at least five vertices, then it introduces at least three such faces of Γ and Γ has at most two edges less than Γ . Let f be the number of faces of Γ created by transformations that involve four vertices, and let f be the number of faces of Γ created by the remaining transformations. It follows that f + f ≤ 2n − 4. Thus, G has at most 3n
To show that this upper bound is tight, let P n be a planar graph on n vertices whose faces are of length five. By Euler's formula, P n has (5n − 10)/3 edges and (2n−4)/3 faces. Since at each face of P n one can add four edges without violating 1-fan-bundle-planarity (see e.g. Fig. 1d ), the resulting graph has (5n − 10)/3 + 4(2n − 4)/3 = (13n − 26)/3 edges, and the statement follows.
The same technique used in Theorem 2 can be applied to obtain tight bounds also in the outer and in the 2-layer models. The full proofs are in Appendix C.
Theorem 3. A 1-sided outer-1-fbp graph with n ≥ 5 vertices has at most (8n − 13)/3 edges, which is a tight bound.
Theorem 4. A 1-sided 2-layer 1-fbp graph with n ≥ 5 vertices has at most (5n − 7)/3 edges, which is a tight bound.
2-sided model. We first establish a tight bound for outer-1-fbp graphs, and then upper and lower bounds for 2-layer and general 1-fbp graphs.
We start by presenting 2-sided outer-1-fbp graphs with n vertices and 4n − 9 edges. A flower drawing of a graph is a 2-sided outer-1-fbp drawing in which (i) the vertices v 1 , . . . , v n lie on a circle C in this clockwise order, (ii) each vertex v i has exactly two fan-bundles, called right and left as seen from the center of C, and (iii) for each i = 1, . . . , n, the right fan-bundle of v i crosses the left fan-bundle of v i+1 , where n + 1 = 1; see Fig. 4a .
A water lily is a flower drawing of a graph with n ≥ 9 vertices where the terminals of the fan-bundles are partitioned into three sets S 1 , S 2 , and S 3 , such that (i) each set S j , for j = 1, 2, 3, contains at least seven consecutive terminals, (ii) each two sets S j and S k , with j = k, have one terminal in common, which belongs to the right fan-bundle of a vertex, (iii) the terminal of the right fanbundle of each vertex v i is connected to the terminals of the left fan-bundles of vertices v i+1 and v i+2 , and (iv) the terminals in each set S j , with 1 ≤ j ≤ 3, are connected by a zigzag-pattern such that all but two faces have degree 3, the other two have degree 4 in order to avoid parallel edges; see Fig. 4a .
Lemma 2.
A water lily drawing of a graph with n ≥ 9 vertices has 4n − 9 edges. Proof. Consider the graph H whose vertices are the terminals of the fan-bundles and whose edges are the unbundled parts of the edges of the water lily (non-bold in Fig. 4a) . Graph H has 2n vertices, as each original vertex has one left and one right fan-bundle. By construction, H is biconnected and outerplanar. Also, all internal faces of H are triangular, except for six faces (two for each set S j ), which have size 4. Since an internally triangulated biconnected outerplanar graph on k vertices has 2k − 3 edges, graph H has 2 · 2n − 3 − 6 = 4n − 9 edges.
The next theorem follows from the fact that we can draw on the outer face of a water lily another set of 2n − 9 edges and obtain a 2-sided 1-fbp drawing with 6n − 18 edges. Fig. 4c shows that this can be done avoiding parallel edges; For the full proof refer to Appendix C. We now show that 2-sided outer-1-fbp graphs are not denser than water lilies.
Theorem 6. A 2-sided outer-1-fbp graph with n ≥ 3 vertices has at most 4n − 9 edges, which is a tight bound.
Proof. The proof of the upper bound is by induction on n. For the base, observe that all graphs with n ≤ 6 vertices have at most 4n − 9 edges and that K 6 is 2-sided outer-1-fbp; see Fig. 1c . For the inductive step, let Γ be a 2-sided outer-1-fbp drawing of a graph G with n ≥ 7. We show that G has at most 4n − 9 edges. W.l.o.g., we assume that G has no vertex of degree less than 5, as otherwise we could remove it and apply induction. Let v 1 , . . . , v n be the vertices of G in clockwise order on the outer face of Γ . We call right and left bundle of a vertex v i the first and last fan-bundle in clockwise order around v i , respectively, starting from the outer face. We assume that the left bundle of v i crosses the right bundle of v i−1 ; otherwise, we could add two crossing dummy bundles.
First suppose that two middle bundles of two vertices v i and v j cross; see Fig. 4d . If j = i + 1 then the right bundle of v i and the left bundle of v j would be isolated and could be removed. So, we assume v i and v j are not consecutive and that (v i , v j ) belongs to G, as otherwise we could add it. Hence, there is another pair of crossing bundles on the other side of (v i , v j ), as otherwise we could add two crossing dummy bundles. Thus, edge (v i , v j ) splits Γ into two parts Γ 1 and Γ 2 containing n 1 and n 2 vertices. Since Γ 1 and Γ 2 contain v i and v j , we have n 1 + n 2 = n + 2. By induction, Γ 1 and Γ 2 have at most 4n 1 − 9 and 4n 2 − 9 edges. Hence, Γ has at most (4n 1 − 9) + (4n 2 − 9) < 4n − 9 edges.
Suppose now that no two middle bundles cross. W.l.o.g., we assume that each vertex is incident to at most one middle bundle, as otherwise we could merge them all into one. Let k be the number of vertices having a middle bundle. Let H be the graph whose vertices are the terminals of all fan-bundles and whose edges are the unbundled parts of the edges in Γ ; see Fig. 4a . Graph H is outerplanar, 8 has 2n + k vertices, and thus at most 4n + 2k − 3 edges (2n + k outer edges, i.e., those on the outer face, and 2n + k − 3 inner edges). The next two claims imply that H (and thus G) has at most 4n − 9 edges.
Claim 1
Graph H has at most 2n − k outer edges.
Claim 2 Graph H has at most 2n + k − 9 inner edges.
To prove Claim 1 note that, for each of the k vertices v i with a middle bundle, the terminal of the right bundle of v i−1 lies between the terminals of the left and of the middle bundles of v i along the outer face of H. So, there exist two outer edges of H representing the same edge (v i , v i−1 ) of G, one of which has to be removed to obtain simplicity. The claim follows by applying the same argument on the left bundle of v i+1 .
The proof of Claim 2 is based on the fact that inner edges connecting vertices that are at small distance along the outer face of H represent in G either selfloops or edges that are already represented by outer edges of H; see Appendix C.
The fact that the bound is tight follows from Lemma 2.
The upper bound of the following theorem follows from Theorem 6. The lower bound exploits a construction similar to the one of Lemma 2; see Appendix C.
Theorem 7. A 2-sided 2-layer 1-fbp graph with n ≥ 3 vertices has at most 3n−7 edges. There are 2-sided 2-layer 1-fbp graphs with n vertices and 2n − 4 edges.
We now give an upper bound on the edge density in the general case. Proof (sketch). Let Γ be a 2-sided 1-fbp drawing of a maximally dense graph G that has a maximum number of uncrossed edges. We define a planar graph G p on the same vertex set as G that contains all the uncrossed edges of G in Γ . Since Γ has a maximum number of uncrossed edges, for each pair of crossing fan-bundles B u and B v , the base edge (u, v) of B u and B v is contained in G p (note that multiple copies of (u, v) in Γ are pairwise non-homotopic). Hence, G p has at most 3n − 6 edges.
Next, we define another planar graph G p containing the vertices of G and the terminals of the fan-bundles of Γ , which we call terminal vertices. Graph G p has an edge for each base edge of Γ . Also, for each pair of crossing fanbundles B u and B v with terminals t u and t v , graph G p contains (u, t v ), (t v , t u ), (t u , v), and either (u, t u ) or (v, t u ); we call these edges bridging edges. Finally, for each unbundled part of each edge in Γ , graph G p has an edge connecting the corresponding terminal vertices of G p . Since G p is planar, it has at most 3(n + t) − 6 edges, where t is the number of terminal vertices.
Note that G has as many edges as those in G p connecting terminal vertices, while each bridging edge has an endpoint that is not a terminal vertex. Since every two terminal vertices define four bridging edges, graph G has at most 3(n + t) − 6 − 2t = 3n + t − 6 edges. For each edge e of G p , there exist at most two adjacent crossing fan-bundle pairs, i.e., one on each side of e in Γ . So, t ≤ 4 · (3n − 6) = 12n − 24, which implies that G has at most 15n − 30 edges. In Appendix C, we improve this bound to (43n − 78)/5. 
NP-completeness
In this section, we study the problem of deciding whether a graph G with a given rotation system R admits a 1-sided or a 2-sided 1-fbp drawing preserving R.
Theorem 9. Given a graph G and a fixed rotation system R, it is NP-complete to decide whether G admits a 1-sided or 2-sided 1-fbp drawing preserving R.
Proof (sketch). Membership in NP can be proved as for the fan-planarity [5, 7] . We prove NP-hardness by a reduction from 3-Partition [14] similar to the one of Bekos et al. [5] for the fan-planarity problem. An instance A, B of 3-Partition consists of an integer B and a set A = {a 1 , . . . , a 3m } of 3m positive integers in (
The problem asks whether A can be partitioned into m subsets, each of cardinality 3, such that the sum of the elements in each subset is B.
Central in the reduction of [5] is the barrier gadget, i.e., a subgraph whose edges cannot be crossed by other edges. This gadget is used to construct a wall surrounding the construction and a set of obstacles in its interior (gray in Fig. 5a ). The edges between the obstacles (and the wall) constrain the routes of some paths, called transversal (bold in Fig. 5a ), such that A, B has a solution if and only if all transversal paths can be routed without violating fan-planarity (in our case 1-fan-bundle-planarity).
For the 1-sided model, the connection between the two problems is the following. Each of the 3m columns in the interior of the wall consists of several sets of edges, called cells; one of these is sparse and contains as many edges as one of the elements in A; the other ones are dense and contain significantly more edges. The length of the transversal paths ensures that each of them can cross m − 3 dense and 3 sparse cells. Since there are m such paths, a routing through the sparse cells implies a valid solution of A, B , and vice versa.
In our case, it suffices to adjust the barrier gadget so that it is not traversable by any of the transversal paths without violating 1-fan-bundle-planarity. To this end, we propose the barrier gadget of Fig. 5b . The rest of the proof is similar to the one of [5] ; details are given in Appendix D. The proof under the 2-sided model requires the following modifications. Since each edge of the transversal paths can be crossed twice, we double the number of edges in each cell. Also, to avoid that transversal paths cross the same cell, we make consecutive pairs of edges in each cell cross; see Fig. 6 . Finally, we modify the barrier gadget as in Fig. 5c . This concludes our proof.
Recognition and drawing algorithms
In this section, we give characterizations, recognition and drawing algorithms for subclasses of 1-sided 2-layer and outer 1-fbp graphs.
2-layer.
Our results for 1-sided 2-layer 1-fan-bundle-planarity build upon concepts of Binucci et al. [6] for fan-planar graphs, who showed that a biconnected bipartite graph is maximal 2-layer fan-planar if and only if it is a snake, i.e., a chain of graphs K 2,hi , h i ≥ 2, so that consecutive graphs share a pair of merged vertices, and no vertex is shared by more than two graphs. Also, it is 2-layer fan-planar if and only if it is a spanning subgraph of a snake [6] . Hence, a biconnected 2-layer 1-fbp graph is also a spanning subgraph of a snake. However, not every snake is 1-sided 2-layer 1-fbp, since K 2,4 is not 1-sided 2-layer 1-fbp (see Lemma 8 in Appendix E); note that K 2,3 is (see Fig. 7a ).
This leads to the following characterization, where a snake is a baby snake if each graph in the chain is a K 2,2 or a K 2,3 . Hence, with the algorithm of Binucci et al. [6] , we can also recognize and draw these graphs; see Theorem 10.
Theorem 10. A biconnected graph is 2-layer 1-fbp if and only if it is a spanning subgraph of a baby snake; these can be recognized and drawn in linear time.
We now relax biconnectivity and require maximality. It is known that a graph is maximal 2-layer fan-planar if and only if it is a stegosaurus, i.e., a chain of snakes that are connected at a common cutvertex, where each common cutvertex is incident to exactly two snakes, plus a set of vertices of degree 1 (legs) connected to the common cutvertices [6] . A stegosaurus is a baby stegosaurus if it consists of baby snakes and has no legs. A baby stegosaurus can be drawn 1-sided 2-layer 1-fbp by drawing its snakes and connecting them via their common cutvertices. The main argument is that no vertex incident to a K 2,2 has a leg; see Appendix E.
Theorem 11. Maximal 1-sided 2-layer 1-fbp graphs can be recognized and drawn in linear time.
A leg not adjacent to a K 2,2 is a big leg. This yields the following characterization for non-maximal graphs, but not an efficient recognition algorithm.
Theorem 12.
A graph is 1-sided 2-layer 1-fbp if and only if it is a spanning subgraph of a baby stegosaurus with big legs. Outer. We give a linear-time algorithm for recognizing and drawing triconnected 1-sided outer-1-fbp graphs. We first describe properties of maximal biconnected and of triconnected 1-sided outer-1-fbp graphs; see Figs. 7b-7c and Appendix E.
Lemma 3. Any maximal biconnected 1-sided outer-1-fbp graph G has a 1-sided outer-1-fbp drawing in which all edges on the outer face are planar.
Lemma 4. In a 1-sided outer-1-fbp drawing Γ of a triconnected graph in which all edges on the outer face f are planar, (P.1) no inner edge is planar, (P.2) the origins of two crossing fan-bundles are consecutive on f , and (P.3) there is at most one crossing. Such a drawing is called a canonical drawing.
Lemma 5. A triconnected graph G with n ≥ 5 vertices is 1-sided outer-1-fbp if and only if it consists of (i) a Hamiltonian path
Proof (sketch). For the sufficiency, see Fig. 7d . For the necessity, if G is maximal, by Lemma 3, it has a 1-sided outer-1-fbp drawing Γ whose outer face is a simple planar cycle v 1 , . . . , v n , v 1 , so (i) holds. By Lemma 4, Γ is canonical, so there are only two fan-bundles B v1 and B vn incident to every inner edge. Due to mindegree 3, all edges of (ii) and
, are not needed for triconnectivity, so (iv) holds.
From Lemma 5, we derive a linear-time recognition and drawing algorithm, since for our graphs a Hamiltonian path can be found efficiently; see Appendix E.
Theorem 13. Triconnected 1-sided outer-1-fbp graphs can be recognized and drawn in linear time.
Conclusions
Our work opens several research directions: (i) Find recognition algorithms for 1-or 2-sided (biconnected) outer-or 2-layer 1-fbp graphs, (ii) close the gaps in the bounds of Table 1 , (iii) discuss relationships with other nearly-planar graph classes, (iv) study k-fbp graphs, in which each fan-bundle is crossed at most k times, and (v) other models of edge bundling suitable for theoretical analyses. In this section, we provide figures that we omitted in Section 2. 
B Detailed Proofs from Section 2
In this section, we give detailed proofs that were omitted in Section 2.
Proof. We start with the first part of the statement. For a complete bipartite graph K 3,n−3 , let U = {u, v, w} be the set of three vertices in the first bipartition
and let V be the set of n−3 vertices in the second bipartition. Also, let E = U ×V be the set of its edges. We show how to obtain a k-planar drawing of K 3,2k+1 in which the vertices in U and V lie on two horizontal lines y = 0 and y = 1, respectively, and each edge is drawn as a curve in the half plane above line y = 0; see Fig. 9a . A kplanar drawing of K 3,4k+2 can be obtained by creating two copies of it, mirroring one of them across the horizontal line y = 0, and identifying the vertices u, v, w in the two drawings. Fig. 9b shows such a 2-planar drawing for K 3,10 .
Let
We place vertex u at coordinate (−1, 0), vertex v at coordinate (0, 0), and vertex w at coordinate (1, 0). Then, for each i = 0, . . . , k, we place vertex a i at coordinate (− i k , 1). Finally, for each j = 1, . . . , k, we place vertex b j at coordinate ( j k , 1). We draw the edges as follows.
E1. Each edge (v, x), with x ∈ V , is drawn as a straight-line segment between v and x; E2. each edge (u, a i ), for i = 0, . . . , k, is drawn as a straight-line segment between u and a i ; E3. each edge (w, b j ), for j = 1, . . . , k, is drawn as a straight-line segment between w and b j ; E4. edge (w, a 0 ) is drawn as a straight-line segment between w and a 0 ; E5. each edge (w, a i ), for i = 1, . . . , k, is drawn as a curve that leaves a i from the top, goes to the right around b k , and enters w from the right, in such a way that a 0 , b 1 , . . . , b k , a 1 , . . . , a k appear in this clockwise order around w; E6. each edge (u, b j ), for j = 1, . . . , k, is drawn as a curve that leaves a j from the top, goes to the left around a k , and enters u from the left, in such a way that a 0 , a 1 , . . . , a k , b 1 , . . . , b k appear in this counterclockwise order around u.
That way, we will get the following crossings, which ensure that no edge has more than k crossings and that the drawing is indeed k-planar.
C1. Edges (u, a k ), (v, a 0 ), and (w, b k ) are drawn crossing-free; C2. every edge (v, a i ) with 1 ≤ i ≤ k crosses exactly every edge (u, a j ) with 0 ≤ j ≤ i − 1, and thus it has i ≤ k crossings; C3. every edge (u, a j ) with 1 ≤ j ≤ k crosses exactly every edge (v, a i ) with j + 1 ≤ i ≤ k, and thus it has j ≤ k crossings; C4. every edge (v, b i ) with 1 ≤ i ≤ k crosses exactly every edge (w, b j ) with 0 ≤ j ≤ i − 1, plus edge (w, a 0 ), and thus it has i ≤ k crossings; C5. every edge (w, b j ) with 1 ≤ j ≤ k − 1 crosses exactly every edge (v, b i ) with j + 1 ≤ i ≤ k, and thus it has j ≤ k crossings. The same holds for edge (w, a 0 ), which has exactly k crossings; C6. every edge (w, a i ) with 1 ≤ i ≤ k crosses exactly every edge (u, b j ) with 1 ≤ j ≤ k − 1, and thus it has k crossings; C7. every edge (u, b j ) with 1 ≤ j ≤ k crosses exactly every edge (w, a i ) with 1 ≤ i ≤ k − 1, and it thus has k crossings.
For the second part of the statement, assume to the contrary that there is a kplanar drawing Γ of graph G = K 3,4k+3 for some k ≥ 0. Denote by U = {u, v, w} the first bipartition of G and by V = {x 1 , . . . , x 4k+3 } its second bipartition.
We first show that there is (at least) one subgraph G = K 2,2 of G such that the drawing Γ of G contained in Γ is planar. For each j = 2, . . . , 4k + 3, let G j be the subgraph of G induced by vertices u, v ∈ U and by vertices x 1 , x j ∈ V . Note that all subgraphs G 1 , . . . , G 4k+3 have the edges (u, x 1 ) and (v, x 1 ) in common, which do not cross each other in Γ , by assumption. Analogously, the edges (u, x j ) and (v, x j ), with 2 ≤ j ≤ 4k + 3, do not cross each other. Thus, in any subgraph G j , we can only have a crossing between (u, x 1 ) and (v, x j ), or between (v, x 1 ) and (u, x j ). Since Γ is a k-planar drawing, the edges (u, x 1 ) and (v, x 1 ) can only be crossed 2k times in total. Hence, at least 2k + 2 of the subgraphs G 1 , . . . , G 4k+3 induce a crossing-free drawing.
Assume w.l.o.g. that the drawing Γ of G = G 2 contained in Γ is crossingfree. Note that Γ consists of a closed simple curve through u, x 1 , v, x 2 ; see Fig. 10a . Denote by I the bounded region enclosed by this curve, and by O the unbounded region outside this curve. We claim that w lies neither in I nor in O.
Suppose that w lies in the bounded region I. The case where w lies in the unbounded region O is symmetric. Since G has exactly four edges and Γ is a kplanar drawing, the edges of G can be involved in at most 4k crossings in total. Thus, at least one of the 4k + 1 vertices x 3 , . . . , x 4k+3 , say x 3 , has to lie inside I, as in Fig. 10a . If both edges (u, x 3 ) and (v, x 3 ) are drawn completely inside I, then they split I into two bounded regions I and I , delimited by the closed curves through u, x 1 , v, x 3 and through u, x 2 , v, x 3 , respectively; see Fig. 10b . In this case, however, we could apply the same argument as above to say that 
* as w such that one of the edges (u, x j ) and (v, x j ) crosses an edge of the graph G * = K 2,2 delimiting I * . To simplify notation, assume j = 3, G * = G , and I * = I; see Fig. 10c . Hence, there are at most 4k − 1 crossings between the edges of G and edges not incident to x 3 . So, another one of the remaining 4k vertices x 4 , . . . , x 4k+3 must lie in I. By iteratively applying this argument, we conclude that all vertices x 3 , . . . , x 4k+3 must lie inside I and that, for every i = 3, . . . , 4k + 3, at least one of edges (u, x i ) and (v, x i ) has to cross an edge of G . However, this implies that the four edges of G are involved in at least 4k + 1 crossings; a contradiction. So, K 3,4k+3 has no k-planar drawing.
We now give the proof of Theorem 1, which is based on the following two lemmas.
Lemma 6. Graph K 3,9 does not admit any 2-sided 1-fbp drawing in which all the nine vertices in the second bipartition are the tips of two fan-bundles anchored at two vertices of the first bipartition.
Proof. Let U = {u, v, w} and V = {x 1 , . . . , x 9 } be the two bipartitions of K 3,9 . Assume to the contrary that there is a drawing Γ of K 3,9 in which there exist two fan-bundles B u and B v anchored at u and v, respectively, both having x 1 , . . . , x 9 as tips. Let Γ be the drawing of the graph K 2,9 obtained by removing w from Γ .
Let e u and e v be two edges incident to u and v, respectively; if e u and e v cross each other in Γ , we say that they form an intersecting pair ; see the two pairs (u, x 1 ), (v, x 2 ) and (u, x 3 ), (v, x 4 ) in Fig. 11 . We show that, whatever is the number of intersecting pairs, it is not possible to add w and its incident edges to Γ so to obtain a 2-sided 1-fbp drawing of K 3,9 , contradicting the fact that Γ is 2-sided 1-fbp.
First note that, for any two edges forming an intersecting pair (u, x i ), (v, x j ) , the curve connecting the terminals t u and t v of B u and B v , respectively, that is composed by following (u, x i ) from t u till the intersection point with B v and then following (v, x j ) till t v is not crossed by any edge in Γ that is not incident to either x i or x j ; see the black dotted lines in Fig. 11 . This implies that there exist no three intersecting pairs, as otherwise there would be no placement for w that allows to connect it to all vertices x 1 , . . . , x 9 (in particular, to the six vertices involved in the intersecting pairs) without crossing at least one of such curves.
Suppose now that there exist exactly two intersecting pairs, say (u, x 1 ), (v, x 2 ) and (u, x 3 ), (v, x 4 ) ; see Fig. 11 . Since the two curves defined by these two pairs cannot be crossed in Γ , one of the two regions, say R, delimited by these curves that contains all the vertices x 1 , . . . , x 9 , as well as vertex w, in its interior.
Consider now the five vertices x 5 , . . . , x 9 and the five paths between u and v passing through these vertices. Observe that the edges of these paths may cross each other, but the only crossings can be either between two edges incident to u or between two edges incident to v, as otherwise there would be an additional intersecting pair. Consider the subregions of R defined by the arrangement of the curves representing these paths. Note that these subregions are at least six, which happens when all the five paths are crossing-free. By the previous observation on the possible crossings between these paths, we conclude that, if we place w in any of these subregions, either the edges connecting w to x 1 and x 2 , or those connecting w to x 3 and x 4 have to cross edges of at least three of the five paths; see Fig. 11 . This is not possible since the edges of two different paths cannot be bundled together and since any edge incident to w has only two fan-bundles.
Finally, if there exists at most one intersecting pair, we consider region R as the whole plane, and use the at least seven paths not involved in the intersecting pair to make the same argument as above. This concludes our proof.
Lemma 7.
In any 2-sided 1-fbp drawing of graph K 3,n−3 there is a fan-bundle containing at least (n − 2)/8 edge-segments.
Proof. By Lemma 1, graph K 3,n−3 is not k-planar for k ≤ (n−6)/4. Hence, in any drawing of K 3,n−3 there is at least one edge with at least 1+(n−6)/4 = (n−2)/4 crossings. Since in a 2-sided 1-fbp drawing every edge collects crossings only on its two fan-bundles, there is one of such fan-bundles that crosses at least (n−2)/8 edges. Since all these edges must be bundled together, the statement follows.
We are finally ready to give the full proof of Theorem 1. Theorem 1. Graph K 4,n−4 is not 2-sided 1-fbp for n ≥ 571.
Proof. Assume to the contrary that K 4,n−4 admits a 2-sided 1-fbp drawing Γ for some n ≥ 571. First, consider any subgraph K 3,n−4 of K 4,n−4 . By Lemma 7, there exists a fan-bundle B u anchored at a vertex u with at least (n − 3)/8 edgesegments. Since all the vertices in the second bipartition have degree 3, vertex u belongs to the first bipartition. Consider now the subgraph K 3,(n−3)/8 of K 4,n−4 that is composed of the three vertices of the first bipartition different from u and of the (n − 3)/8 tips of B u . By Lemma 7, there exists a fan-bundle B v anchored at a vertex v with at least 1+(n−3)/8 8 = (n+5)/64 edge-segments. Again, vertex v belongs to the first bipartition.
We have found (n + 5)/64 vertices that are tips of B u and B v . For n ≥ 571, this value is at least 9, contradicting Lemma 6. This concludes our proof. 
C Detailed Proofs from Section 3
In this section, we give detailed proofs which were omitted in Section 3.
Proof. Let Γ be a 1-sided outer-1-fbp drawing of a maximally dense 1-sided outer-1-fbp graph G with n vertices. We apply the same transformation as in the proof of Theorem 2. In this case, the resulting drawing Γ is the drawing of an outerplanar graph G on the same vertex set as G. Hence, G has at most 2n − 3 edges and n − 2 internal faces. Since each transformation introduces at least three faces of G in Γ , graph G has at most 2n − 3 + 2 · (n − 2)/3 ≤ (8n − 13)/3 edges. To show that this bound is tight, consider an outerplanar graph O n on n vertices in which every internal face has five edges incident to it. By Euler's formula, graph O n has (4n−5)/3 edges and (n−2)/3 internal faces. Since in each of such faces it is possible to add four edges without violating outer-1-fan-bundleplanarity (see e.g. Fig. 1d ), the resulting graph has (4n − 5)/3 + 4 · (n − 2)/3 = (8n − 13)/3 edges in total, and the statement follows.
Proof. Let G be a 1-sided 2-layer 1-fbp graph with n vertices. One can add n − 2 edges in G to connect in two paths the vertices of each bipartition and obtain a new graph G that is 1-sided outer-1-fbp. Since by Theorem 3 graph G cannot have more than (8n − 13)/3 edges, it follows that G cannot have more than (8n − 13)/3 − (n − 2) = (5n − 7)/3 edges. A graph B n with n vertices meeting exactly this bound can be easily constructed as follows. Let n = 3k + 2 for some positive integer k. Graph B n has k + 1 vertices in its first bipartition and 2k + 1 vertices in its second bipartition. For each j = 1, 2, . . . , k the vertices of the first bipartition of B n with indices j and (j + 1) form a bipartite clique with the vertices of the second bipartition of B n with indices (2j − 1), 2j, and (2j + 1); see Fig. 12 . It is not difficult to see that B n meets the density bound of this theorem and it is indeed 1-sided 2-layer 1-fbp, as it consists of k consecutive copies of K 2,3 (which is a 1-sided 2-layer 1-fbp graph).
Claim 2
Graph H has at most 2n + k − 9 inner edges. Proof. We assume w.l.o.g. that all the 2n − k outer edges of H are present; this is equivalent to assume that, if an edge of G can be represented both as an inner and as an outer edge of H, then we choose the latter option. Consider the graph H * obtained by adding to H all the missing outer edges while maintaining outerplanarity. Let T be the weak dual of H * , i.e., the graph whose vertices are the internal faces of H * and whose edges connect pairs of faces sharing an edge in H * ; note that the edge shared by any two internal faces is an inner edge of H * , and thus it also belongs to H. Since H * is biconnected outerplanar, graph T is a tree, and thus it has at least two leaves. We first consider the case in which T has exactly two leaves f 1 and f 2 . Let e 1 = (x 1 , y 1 ) and e 2 = (x 2 , y 2 ) be the unique inner edges incident to f 1 and to f 2 . We focus our discussion on f 1 ; the discussion for f 2 is analogous.
The first observation is that x 1 and y 1 cannot be at distance 2 along the outer face of H * . In fact, this can happen only in the following three cases: (i) x 1 and y 1 are the terminals of the middle bundle and of either the left or the right bundle of the same vertex v i of G (see Fig 13a) ; (ii) x 1 is the terminal of the right bundle of a vertex v i and y 1 is the terminal of the left bundle of vertex v i+2 , and they are separated along the outer face of H * by the terminal of the middle bundle of vertex v i+1 (see Fig 13b) ; (iii) x 1 is the terminal of the right (left) bundle of a vertex v i−1 and y 1 is the terminal of the right (left) bundle of vertex v i , and they are separated along the outer face of H * by the terminal of the left (right) bundle of vertex v i+1 (see Fig 13c) .
In the first case, edge e 1 represents a self-loop in G, while in the other two cases it represents an edge that is already represented by an outer edge of H; namely, as discussed in the proof of Claim 1, all the edges connecting v i to v i−2 , v i−1 , v i+1 , and v i+2 are represented by outer edges. Hence, x 1 and y 1 cannot be at distance 2 along the outer face of H * , which implies that f 1 and f 2 cannot be triangular faces, and thus there are at least two inner edges missing with respect to the maximum number of 2n + k − 3. Consider now the cases in which x 1 and y 1 are at distance 3 or 4. With a case analysis similar to the one above, we prove that the only case in which edge e 1 represents an edge of G that is not represented by any outer edge of H, i.e., (v i , v i+3 ), is the one of Fig. 13d . Note that in this case the distance is 3, and none of v i+1 and v i+2 has its middle bundle; recall that we do not need middle bundles to realize the edges of G that are represented by outer edges of H, and hence we can assume that the analogous case in which the distance is 4 and one of v i+1 and v i+2 has its middle bundle does not exist.
Observe that, if x 1 and y 1 are at distance at least 5, then f 1 has at least six incident edges, and hence there are at least three missing edges with respect to the maximum number of 2n + k − 3. Repeating the same argument for f 2 would yield the desired bound of 2n + k − 9. We can therefore assume that x 1 and y 1 are at distance 3, as in Fig. 13d , and the same holds for x 2 and y 2 .
Consider now the face f 1 that is incident to e 1 and different from f 1 . Since T has exactly two leaves, there exists only one inner edge e 1 = (x 1 , y 1 ) of H different from e 1 that is incident to f 1 ; in fact, if there existed more than one such edges, the node of T corresponding to face f 1 would have degree at least 3.
It follows from above that x 1 and y 1 cannot be at distance 4 along the outer face of H * , and thus also face f 1 has at least four vertices. Our next claim is that they cannot be at distance 5, as well. For this, we distinguish two cases, based on whether one of x 1 and y 1 coincides with one of x 1 and y 1 , say x 1 = x 1 , or not. In the first case, illustrated in Fig. 13e , we have that vertex v i+2 cannot be connected to any vertex by means of inner edges, and thus it has degree 4 in G, which contradicts our assumption that every vertex has degree at least 5. In the second case, illustrated in Fig. 13f , edge e 1 represents edge (v i+1 , v i+2 ) of G, which is already represented by some outer edge of H, and our claim follows. Since x 1 and y 1 have at least distance 6 along the outer face of H * , there exist at least five edges incident to f 1 , and thus we have at least two additional missing edges. We thus have at least one missing edge in each of f 1 and f 2 , plus at least two missing edges in each of f 1 and f 2 , and the statement follows.
Consider now the case in which T has k ≥ 3 leaves f 1 , . . . , k; see Fig. 14. The case analysis presented above proves that for each leaf f i , the endvertices of the inner edge e i incident to f i have distance at least 3, which gives at least three missing edges. Also, for each of such faces f i , except for at most one, the face f i sharing the inner edge e i with face f i has degree at least 3 in T . In fact, by using the same argument as in the previous case, we can conclude that whenever a face f i has degree 2 in T , it contributes at least two missing edges; thus, if at least two of them had this property, we would have at least seven missing edges.
Consider any face f i such that f i has degree at least 3 in T . Note that f i cannot have degree larger than 5, as otherwise it would contribute at least three missing edges, and the statement would follow. Thus, there exists an inner edge e j of H incident to f i such that the path along the outer face of H * between the endvertices of e j that does not contain any other vertex incident to f i has at least 2n+k 5
vertices; see the gray region in Fig. 14 . By applying the same arguments as above, we can prove that the subgraph of H * induced by the vertices of this path cannot contain only one face f j that is a leaf of T , as otherwise the face sharing an inner edge with f j would contribute two additional missing edges. By repeating this argument, we obtain a proof for the statement also in this case. This concludes the proof of the claim.
Theorem 5.
There are 2-sided 1-fbp graphs with n vertices and 6n − 18 edges.
Proof. We show how to draw a set of 2n − 9 edges on the outer face of a water lily and obtain a 2-sided 1-fbp drawing of a graph with 6n − 18 edges. Note that this construction corresponds to merging two copies of a water lily on vertices v 1 , . . . , v n by identifying their vertices and by keeping only one copy of each edge (v i , v i+1 ) and (v i , v i+2 ). With a little effort we can avoid potential parallel edges that may appear when merging the two copies. Let S 1 , S 2 , S 3 and S 1 , S 2 , S 3 be the partitions of the terminals of the two copies. We require that the terminal shared by S j and S j+1 belongs to S j , for each j = 1, 2, 3 (with j + 1 = 1 when j = 3); see Fig. 4c . In this way, the zigzag patterns on S 1 , S 2 , S 3 and S 1 , S 2 , S 3 are edge-disjoint, and the claim follows. Theorem 7. A 2-sided 2-layer 1-fbp graph with n ≥ 3 vertices has at most 3n−7 edges. There are 2-sided 2-layer 1-fbp graphs with n vertices and 2n − 4 edges.
Proof. Let G be a 2-sided 2-layer 1-fbp graph with n ≥ 3 vertices. As in Theorem 4, one can add n − 2 edges in G and obtain a new graph G that is 2-sided outer-1-fbp. Since by Theorem 6 graph G cannot have more than 4n − 9 edges, graph G cannot have more than 3n − 7 edges. For the lower bound, observe that all vertices of the graph of Fig. 15a have degree exactly 4, except for the blue and green colored vertices, which have degrees 2 and 3, respectively. Hence, this graph has in total 2n − 4 edges. Theorem 8. An n-vertex 2-sided 1-fbp graph has at most (43n − 78)/5 edges.
Proof. Let Γ be a 2-sided 1-fbp drawing of a maximally dense graph G, which contains the maximum number of uncrossed edges. Let n and m be the number of vertices and edges of G. To give an upper bound for m, observe that each edge of G can be identified by its unbundled part in Γ , which is unique for each edge. We define a planar subgraph G p of G, with n p vertices and m p edges, which has the same vertex set as G (i.e., n p = n), and contains all uncrossed edges of G in Γ . Since Γ contains a maximum number of uncrossed edges, it follows that for each pair of crossing fan-bundles B u and B v , graph G p contains the base edge (u, v) of B u and B v (note that the base edge of B u and B v might occur several times in G p , but such copies are pairwise non-homotopic). Hence, m p ≤ 3n − 6.
Next, we create another planar graph G p , with n p vertices and m p edges, consisting of the vertices of G and the terminals of the fan-bundles of Γ , which we call terminal vertices. For each pair of crossing fan-bundles B u and B v with terminals t u and t v , graph G p contains edges (u, t v ), (t v , t u ), (t u , v), and either edge (u, t u ) or edge (v, t u ); see Fig. 15b . We refer to these edges as bridging edges since they bridge vertices of the original graph with terminal vertices. Finally, for each unbundled part of each edge in Γ , graph G p has an edge connecting the corresponding terminal vertices of G p . By construction, G p is planar. If we denote by t the number of terminal vertices of G p , then n p = n+t and m p ≤ 3(n+t)−6.
Observe that for each pair of terminal vertices t u and t v of two crossing fan-bundles anchored at two vertices u and v, respectively, all the four bridging edges incident to t u and t v correspond to the same edge (u, v) of the original graph G, which is also present in G p . Thus, the number of edges of G p that actually correspond to distinct edges of G is equal to m p minus the number of bridging edges, which is equal to 2t since every two terminal vertices determine four bridging edges. This implies that:
The argument presented so far already gives a bound on the number of edges of G; in fact, since we can associate at most four terminal vertices to each edge of G p (as each of these edges can have at most two crossing fan-bundles on each side), we have that t ≤ 4m p , which gives t ≤ 4 · (3n − 6) = 12n − 24 and thus m ≤ 3n + t − 6 ≤ 15n − 30.
In order to improve this bound, we will show in the following that the value of m p is actually significantly smaller than 3n − 6. The general idea is that, if G p contains a small face f (which is always the case if m p is equal or close to 3n − 6), then it is not possible for all the edges incident to f to have fanbundles inside f without having multiple edges in G; note that this reduces the number of terminal vertices in G p , and hence its number of edges. This is clear, for example, when f is triangular, and thus all the connections that could be represented by fan-bundles inside f are already represented by the three edges incident to f ; in this case, in fact, none of these three edges incident to f may have fan-bundles inside it. We formalize this concept in the following.
Consider any (possibly non-simple) k-cycle of G p , with 3 ≤ k ≤ 6, delimiting a face of some connected component of G p in Γ . If this k-cycle delimits a face of G p , then it is empty, else it is non-empty. A non-empty k-cycle contains in its interior all the vertices and edges of at least another connected component of G p . We denote by f k the number of empty k-cycles in Γ and by φ k the number of non-empty k-cycles.
Observe that, for k = 3, 4, it is not possible that all the connected components contained in the interior of a k-cycle are composed of single vertices; namely, in this case it would be possible to connect at least one of these isolated vertices to at least one of the vertices of the k-cycle by means of a crossing-free edge, which would contradict the fact that Γ contains the maximum number of uncrossed edges. This implies that every non-empty k-cycle, with 3 ≤ k ≤ 6, has at least five edges incident to it (where an edge is accounted twice for a face if both its sides are incident to this face).
In the following we assume that every empty k-cycle, with 3 ≤ k ≤ 6, has no terminal vertex in its interior. We observe that for k ≤ 4 this results in an underestimation of the number of edges, which we will compensate in the final computation by considering each of the cases independently. This assumption implies that the number t of terminal vertices may be lower than 4m p , and in particular it can expressed as
Further, we can also express m p as a function on the number of the k-cycles. In particular, by using the fact that 2m p = ∞ i=3 f i , and by using Euler's formula for disconnected planar graphs m p = n+f p −1−c p , where f p denotes the number of faces of G p and c p denotes the number of its connected components, we get: 3f 3 +4f 4 +5(f 5 +φ 3 +φ 5 )+6(f 6 +φ 4 +φ 6 )−7(f p −(f 3 +φ 3 +f 4 +φ 4 +f 5 +φ 5 +f 6 +φ 6 )) ≤ 2m p = 2n + 2f p − 2 − 2c p which yields:
Observe that c p ≥ φ 3 + φ 4 + φ 5 + φ 6 , since each connected component of G p can be used to identify at most one face as non-empty. Thus, replacing c p in Eq. 3 we obtain:
which yields:
Applying again Euler's formula m p ≤ n + f p − 2 (using that c p ≥ 1), we obtain:
By Eq. 2 we have:
which implies:
Hence, by Eq. 1 we might provide a bound for m, which is unfortunately underestimated, as we observed above:
To compensate the underestimation of the number of edges, we conclude our discussion by studying how many crossing edges can be drawn in the interior of an empty k-cycle, for k = 3, . . . , 6. Namely, empty 3-cycles (that is, triangular faces) cannot have any edge in their interior, as discussed above. Empty 4-cycles can have at most two edges, namely those connecting vertices at distance 2 along the 4-cycle. For the number of edges of empty k-cycles with k = 5, 6, we use as an upper bound the number of edges in graph K k minus the number of edges on the boundary of the k-cycle, namely k. We thus have five edges for k = 5 and ten edges for k = 6. Hence, the final bound for the number of edges of G is:
So, G cannot have more than (43n − 78)/5 edges and the statement follows.
Corollary 1. A 2-sided 1-fbp n-vertex graph has at most 8.6n − 15.6 edges.
D Detailed Proofs from Section 4
In this section, we present the detailed proof of Theorem 9
Proof. Membership in NP can be proved as for the fan-planarity [5, 7] . We prove the N P -hardness by means of a reduction from 3-Partition. The idea is based on a general scheme proposed by Bekos et al. [5] to prove the NP-completeness of the fan-planarity problem with a fixed rotation system. An instance A, B of 3-Partition consists of an integer B and of a set A = {a 1 , a 2 , . . . , a 3m } of 3m ), for i = 1, 2, . . . , 3m, and 3m i=1 a i = mB. 3-Partition asks whether A can be partitioned into m subsets A 1 , A 2 , . . . , A m , each of cardinality 3, such that the sum of the numbers in each subset is exactly B. Note that 3-Partition is strongly NP-hard [14] . So, we may assume w.l.o.g. that B is bounded by a polynomial in m. We show how to construct in polynomial time an instance G, R of our problem such that there is a partition of A if and only if G admits a 1-sided 1-fbp drawing preserving R.
Central in our transformation is the barrier gadget, defined as follows. We first describe a graph H composed of seven vertices a, b, c, d, e, f, g; refer to Fig. 16a.  Consider a cycle (a, b, c, d , e, f ), which is called boundary cycle and whose edges are the boundary edges. Then, add vertex g to H and connect it to c and f . Finally, for each vertex u ∈ {c, f, g} and for each vertex v ∈ {a, b, d, e}, add edge (u, v) to H. The rotation system of H is such that the boundary cycle delimits the outer face in any drawing respecting this rotation scheme, while all the other edges (which are called inner edges) are routed in the interior as in Fig. 16a . We refer to vertices a, e, and f as left-sided and to b, c, and d as right-sided.
To construct an n-vertex barrier gadget with n ≥ 7, we employ (n − 3)/4 copies of graph H, which we glue next to each other by identifying the left-sided vertices of one copy with the right-sided vertices of the next copy; see Fig. 16b . We use the barrier gadget to constrain the routes of some specific paths of G.
Consider now a biconnected 1-sided 1-fbp graph G with rotation system R that contains as a subgraph a barrier gadget G b . Let Γ be any 1-sided 1-fbp drawing of G respecting R. By the choice of the rotation system, the boundary edges of G b do not cross any other edge of G b , while all the inner edges have at least one crossing with another inner edge, except possibly for those incident to g. In particular, the inner edges incident to a must share a fan-bundle anchored at a, and those incident to b must share a fan-bundle anchored at b, and these two fan-bundles must cross; analogously, two fan-bundles incident to d and e must cross. Hence, no path π of G \ G b can enter inside the boundary cycle of G b and cross an inner edge of G b in Γ . On the other hand, if path π enters the inside of G b without crossing any inner edge, then it must cross the same boundary edge twice to exit G b (due to the biconnectivity of G), which is only allowed in a 1-sided 1-fbp drawing if the two edges of π involved in the crossing are consecutive along π. In other words, if a path π enters G b in Γ , then it must "immediately" exit it by using the same boundary edge, which is equivalent to not entering it at all.
We construct an instance G, R of our problem based on instance A, B as follows. We start our construction with the wall gadget, which consists of a cyclic chain of four barrier gadgets G t , G r , G b , and G l that surrounds the whole construction; see Figure 16c . barrier gadgets G t and G b are called top and bottom beams, respectively, and contain exactly 4 · (3mK + 1) + 3 vertices each, where K is a large integer number, e.g., K = B 2 . barrier gadgets G l and G r are called left and right walls, respectively, and have only 11 vertices each. In other words, G t and G b contain 3mK + 1 copies of H, while G l and G r contain only two copies of H. By the choice of rotation system R and of the vertices shared by two consecutive barrier gadgets, we may assume that 3mK vertices of each of G t and G b , and one vertex of each of G l and G r , are incident to the interior of the wall, that is, the closed region delimited by the wall gadget.
The top and bottom beams are "bridged" to each other by a set of 3m columns; see Figure 16c The left and the right walls are "bridged" to each other by a set of m pairwise internally disjoint paths π 1 , π 2 , . . . , π m , called transversal paths, which all originate from the same vertex of the left wall, called origin, and terminate at the same vertex of the right wall, called destination. Each of these paths has length (3m − 3)K + B.
Regarding the choice of the rotation system R, we define a cyclic order of the edges around each vertex that conforms with the following constraints: This concludes our construction, which is polynomial in m. We now prove the equivalence, which is mainly based on the observation that each transversal path has to cross exactly 3 sparse cells and exactly 3m − 3 dense cells in any 1-sided 1-fbp drawing. This is due to the following fact. Since each transversal path has length (3m − 3)K + B, it can cross at most 3m − 3 dense cells in order to connect the origin to the destination. Since no two different paths can cross the same cell in any 1-sided 1-fbp drawing, we have that if any transversal path crosses fewer than 3m − 3 dense cells, then there must be another one that crosses more than 3m − 3 of these cells, and the claim follows.
Suppose that the set A admits a partition into subsets A 1 , A 2 , . . . , A m , each composed of three integers summing up to B. If one omits the transversal paths, then it is easy to compute a 1-sided 1-fbp drawing Γ of G preserving R. It is essentially a drawing like the one depicted in Figure 16c , where columns are next to each other in the interior of the wall. To complete the drawing, we embed the transversal paths π 1 , π 2 , . . . , π m of G in the partial drawing of G constructed so far under the following requirements: R.1: They do not cross each other. R.2: They do not cross any barrier gadget. R.3: Each cell is traversed by at most one path (as otherwise 1-sided 1-fan-bundleplanarity would be deviated). R.4: Each path passes through exactly 3 sparse cells and 3m − 3 dense cells.
We obtain a drawing with these properties as follows. For j = 1, 2, . . . , m, let A j = {a κ , a λ , a µ }, where 1 ≤ κ, λ, µ ≤ 3m. Then, in the drawing Γ , the path π j will cross the κ-th, λ-th, and µ-th vertical columns of G through sparse cells, and the remaining vertical columns of G through dense cells. Hence, requirement R.4: is satisfied. The routing of the remaining transversal paths through the κ-th vertical column is done as follows. By construction, there exist m − 1 cells above and m − 1 cells below the sparse cell of the κ-th vertical column (all of which are dense). Hence, there exist at least as many available dense cells as transversal paths to route at each side of the sparse cell of the κ-th vertical column. Hence, we can route the remaining transversal paths through the κ-th vertical column such that requirements R.1:-R.3: are also satisfied. The corresponding routings through the λ-th and µ-th vertical columns of G are symmetric. This implies that the drawing Γ of G is indeed 1-sided 1-fbp and preserves R. Suppose now that G admits a 1-sided 1-fbp drawing Γ preserving R. As already mentioned, each of the transversal paths crosses exactly 3 sparse cells and exactly 3m − 3 dense cells. In addition, 1-sided 1-fan-bundle-planarity ensures that no two transversal paths pass through the same cell. With these two properties, we can construct a solution A 1 , A 2 , . . . , A m of instance A of 3-Partition as follows. Assume that path π j crosses the κ-th, λ-th, and µ-th vertical columns of G through sparse cells, where 1 ≤ κ, λ, µ ≤ 3m. Then, the j-th partition A j of A will contain integers {a κ , a λ , a µ }. Since a κ + a λ + a µ = B, the solution constructed this way is indeed a solution of 3-Partition for the instance A, B . This concludes our reduction for the 1-sided case. For the 2-sided case, we use the modification described in the main part of the paper.
E Detailed Proofs from Section 5
1-sided 2-layer 1-fan-bundle-planarity. We first give a formal proof that K 2,3 is the largest complete bipartite graph that has a 1-sided 2-layer 1-fbp. Lemma 8. K 2,3 is 1-sided 2-layer 1-fbp, but K 2,4 is not.
Proof. Let {a 1 , a 2 } and {b 1 , b 2 , b 3 } be the two partitions of K 2,3 . There is exactly one way to draw the K 2,3 with x(a 1 ) < x(a 2 ) and x(b 1 ) < x(b 2 ) < x(b 3 ); see Fig. 17a . However, it is not possible to add a vertex b 4 that is connected to both a 1 and a 2 : if x(b 4 ) < x(b 1 ), then b 4 cannot be connected to a 2 without crossing two fan-bundles incident to a 1 , and if x(b 1 ) < x(b 4 ) < x(b 2 ), then b 4 cannot be connected to a 1 without crossing an unbundled part of an edge incident to a 2 . The other two cases are symmetric.
The following lemma has been proven by Binucci et al. [6] for the recognition of 2-layer fan-planar graphs, but the proof also works without modification for our model. Lemma 9 (Binucci et al. [6] ). In any 1-sided 2-layer 1-fbp drawing, no biconnected component of a graph can be crossed by an independent edge. By Lemma 9, it follows that the biconnected components in a 2-layer 1-fbp drawing are placed next to each other without crossings.
Lemma 10. If we remove the legs of a maximal 1-sided 2-layer 1-fbp graph, then we obtain a baby stegosaurus.
Proof. Since every biconnected component is a baby snake, the lemma holds unless there exist bridges. If so, by Lemma 9 the two components separated by the bridge are drawn without crossing each other. If the bridge is planar, then we can connect the two components by another edge that crosses the bridge; if the bridge is crossed by a fan-bundle, then we can connect the origin of this fan-bundle to the other component by crossing the bridge; a contradiction to the graph's maximality.
Lemma 10 does not immediately yield a characterization of all maximal 1-sided 2-layer 1-fbp graphs for the following reason. In a maximal 2-layer fanplanar graph, there exist no legs. This is because if there is a leg incident to a K 2,h , then by fan-planarity, it has to lie on the same side as the h vertices. Binucci et al. [6] proved that one can add an additional edge and augment the K 2,h to a K 2,h+1 without affecting fan-planarity; a contradiction. In our case, however, if there is a leg incident to a K 2,3 , then we cannot augment it to a K 2,4 due to Lemma 8. We now investigate the K 2,2 and K 2,3 components of a baby stegosaurus to find out where legs can be added.
First, consider a Fig. 17a . We cannot place a leg between a 1 and a 2 because this interval is blocked by the fan-bundles anchored at a 1 and in a 2 . So, we can add no legs to b 1 , b 2 and b 3 . However, we can add any number of legs to a 1 and a 2 ; see Fig. 17b .
Lemma 11.
No vertex incident to a K 2,2 can have a leg.
Proof. Consider a K 2,2 = {a 1 , a 2 }×{b 1 , b 2 } such that x(a 1 ) < x(a 2 ) and x(b 1 ) < x(b 2 ); see Fig. 18a . There are two ways to route the two fan-bundles that cross: assume that one fan-bundle is anchored at a 1 (the other cases are symmetric). Then, the other fan-bundle is either anchored at a 2 or at b 1 ; anchoring it at b 2 is not possible. If we only add legs c 1 , . . . , c k to a single vertex of K 2,2 , say to a 1 , then we can place them from left to right in this order and also add edge (a 2 , c 1 ), contradicting the maximality; see Fig. 18b . If there are legs inside the K 2,2 , then they are incident to at least 2 vertices. Since we can only have fan-bundles at two vertices, the legs have to be incident to exactly 2 vertices.
Assume that there are legs c 1 , . . . , c k incident to one vertex of the K 2,2 , and legs d 1 , . . . , d incident to another vertex of the K 2,2 . These legs have to lie on a fan-bundle anchored in these two vertices. If the legs are anchored in two vertices on the same side, say a 1 and a 2 , then we can place the legs from left to right in order d 1 , . . . , d , c 1 , . . . , c k and add again the edge (a 2 , c 1 ), which contradicts the maximality; see Fig. 18c . If the legs are anchored at vertices that lie diagonal to each other, say a 1 and b 2 , then we have a contradiction because we cannot have a fan-bundle at these two vertices at the same time. Thus, we gain the following property; see We will now show that there cannot be any legs at all inside the K 2,2 . We prove that a 1 has no leg inside the K 2,2 , the proof for the other three vertices works analogously. First, assume that a 1 has no other neighbors but b 1 , b 2 . Then, either a 1 is the left-most vertex on its layer or b 1 is a cutvertex. In both cases, we can proceed as follows. If a 1 has a leg inside the K 2,2 , then by Property 1 b 1 also has a leg inside the K 2,2 . However, we can then move the legs of b 1 to the left of a 1 and any possible leg of a 1 that lies outside the K 2,2 to the inside; see Fig. 19a . Then, a 1 is the only vertex with legs inside K 2,2 , which contradicts Property 1. The case that a 1 is a cutvertex is analogous. Now, consider the case that (a 1 , b 1 ) also belongs to a K 2,3 . Let a 1 lie on the side of the 2 vertices of K 2,3 . If a 1 has a leg inside the K 2,2 , then by Property 1 b 1 also has a leg inside the K 2,2 . However, we can then move inside the K 2,3 the legs of a 1 that are to the left; see Fig. 19b . Then, b 1 is the only vertex with legs inside the K 2,2 , which contradicts Property 1. The case that a 1 lies on the side of the 3 vertices is analogous.
We conclude that, if a 1 has a leg inside the K 2,2 , then edge (a 1 , b 1 ) also has to belong to another K 2,2 = {a 1 , a 2 }, {b 1 , b 2 }. If the second K 2,2 has no leg inside or only has legs at a 1 and b 1 , then we can move all legs of a 1 into the second K 2,2 and all legs of b 1 into the first K 2,2 , which contradicts Property 1 for both K 2,2 ; see Fig. 19c . Hence, the second K 2,2 must have legs inside at a 2 and b 2 . Consider the chain of K 2,2 's that a 1 lies on. At the end of this chain, there has to be either a cutvertex, or a K 2,3 , or the leftmost (or the rightmost) vertex, so the last K 2,2 cannot have a leg inside. Applying the argument iteratively to each K 2,2 , we conclude that no K 2,2 in this chain can have a leg inside, which gives rise to the following property: there are no legs inside the K 2,2 .
To conclude the proof, assume that there is a leg c at a 1 that does not lie inside the K 2,2 . Then, since there are no legs inside the K 2,2 , we can move c inside the K 2,2 and add the edge (a 2 , c), a contradiction to the maximality.
Recall that a baby stegosaurus is a chain of baby snakes that are connected by cutvertices, so each vertex (except the leftmost and the rightmost ones) lies between two K 2,2 , between two K 2,3 , or between a K 2,2 and a K 2,3 . Hence, a vertex can only have a leg if (i) it is the leftmost or rightmost vertex on one of the layers and belongs to a K 2,3 , or (ii) it belongs to two K 2,3 . We call a leg incident to a vertex that satisfies one of these two properties a big leg. This gives us a simple recognition algorithm.
Proof. We first remove all legs. By Lemma 10, the resulting graph is baby stegosaurus. We split it at its cutvertices and use the recognition and drawing algorithm by Binucci et al. [6] to find the baby snakes. We glue the baby snakes together at their cutvertices. By Lemma 11, we only have to check whether the legs are big, which can be done in linear time. If all legs are big, we draw them between the two K 2,3 they belong to.
1-sided outer-1-fan-bundle-planarity. In the following, we give a detailed proof for the recognition and drawing algorithm for triconnected outer-1-fbp graphs. We start with the proof of two lemmas.
Proof. Consider a 1-sided outer-1-fbp drawing Γ of G and its planarization Π. By the biconnectivity, the outer face of Π is a simple cycle containing vertices of V and vertices that correspond to crossings in Γ . Let v 1 , . . . , v k , v 1 be their order along the outer face of Π. Since Γ is outer-1-fbp, the outer face contains all vertices of V .
Consider any vertex v i ∈ V . If v i+1 ∈ V , edge (v i , v i+1 ) exists in G and is drawn crossing-free in Γ ; see Fig. 20a . If v i+1 / ∈ V , then we have v i+2 ∈ V . Otherwise, the edge that the curve between v i+1 and v i+2 belongs to is crossed at least twice: in v i+1 and in v i+2 . We will remove v i+1 from the outer face as follows. If the edge (v i , v i+2 ) already exists in G, we remove it from the drawing. Then, we re-add it to the drawing as a curve that starts in v i , follows the outer face along v i+1 , and ends in v i+2 ; see Fig. 20b. If (v i , v i+2 ) does not exist in G, we can use the same method to add it to the drawing, which contradicts maximality.
With this procedure, we iteratively remove all crossing points from the outer face, until we have obtain a drawing as stated by the lemma. Lemma 5. A triconnected graph G with n ≥ 5 vertices is 1-sided outer-1-fbp if and only if it consists of (i) a Hamiltonian path v 1 , . . . , v n , (ii) edges (v n , v i ) and (v 1 , v j ), with 2 ≤ i < k ≤ j ≤ n − 1 for some k, (iii) edge (v 1 , v n ) if k ∈ {2, n − 1}, and (iv) possibly edges (v n , v k ) and (v 1 , v n ).
Proof. For the sufficiency part, in order to prove the triconnectivity, we show that there are at least 3 vertex-disjoint paths between each pair of vertices u and v. If {u, v} = {v 1 , v n }, we can pick the path v 1 , v 2 , v n and the path v 1 , v n−1 , v n . For the third path, we pick v 1 , v k , v k−1 , v n if 3 < k < n−1, the path v 1 , v k+1 , v k , v n if k = 3 and the path v 1 , v n if k ∈ {2, n−1} which exists by (iii). For each other pair of vertices v i and v j , assume that i < k (the other case is symmetric), so the edge (v n , v i ) exists. If j < k, then the edge (v n , v j ) exists and we can pick the path v i , v i+1 , . . . , v j , the path v i , v n , v j , and the path v i , v i−1 , . . . , v 1 , v k , v k−1 , . . . , v j . If j ≥ k, then the edge (v 1 , v j ) exists and we can pick the path v i , v i+1 , . . . , v j , the path v i , v n , v n−1 , . . . , v j , and the path v i , v i−1 , . . . , v 1 , v j . This proves the triconnectivity. Note that such a graph always admits a 1-sided outer-1-fbp drawing, as illustrated in Fig. 22a .
For the necessity, first assume that G is maximal 1-sided outer-1-fbp. By Lemma 3, there is a 1-sided outer-1-fbp drawing Γ in which the outer face is a simple planar cycle v 1 , . . . , v n , v 1 . Thus, (i) holds. By Lemma 4, Γ is canonical. Since G is triconnected, there is at least one inner edge. Hence, there are exactly two fan-bundles, their origins v n and v 1 are adjacent on the outer face, and they are incident to every inner edge. Because of the minimum degree 3, each vertex v 2 , . . . , v n−1 has to be a tip of B vn or B v1 . We claim that the tips of B vn and Table 2 of B v1 form two interior-disjoint intervals on the outer face. Place two dummy vertices t n and t 1 at the terminal of B vn and B v1 , respectively, subdividing the edges of the fan-bundles. Then, remove all edges incident to v n and v 1 ; see Fig. 22b . The resulting drawing consists of a wheel from t n to the tips of B vn and a wheel from t 1 to the tips of B v1 . Since all bundled parts have been removed, the resulting drawing is planar and the claim follows. Hence, all edges described by (ii) and the edge (v n , v k ) have to be in the graph. Recall that the edge (v 1 , v n ) is required for G to be triconnected if k ∈ {2, n − 1}, so (iii) holds. Now, assume that G is not maximal. From the sufficiency part, note that the edge (v n , v k ) is not needed for the triconnectivity of the graph. Further, if 2 < k < n − 1, the edge (v 1 , v n ) is also not needed. However, the removal of any other edge would destroy the connectivity, since it would reduce the degree of at least one of its incident vertices to 2. Thus, these two edges are the only optional edges establishing (iv) and the characterization of all triconnected 1-sided outer-1-fbp graphs.
Proof. The task is to find a Hamiltonian path such that the properties described in Lemma 5 are fulfilled. By these properties, only the vertices v n , v 1 , and v k can have degree larger than 3, the sum of degrees from v 1 and v n is between n and n+3, v k has degree at most 4, while every other vertex has degree exactly 3. Note that the sum of degrees from v 1 and v n is n + 1 or n + 3 if and only if deg(v k ) = 4, and is n + 2 or n + 3 if and only if the edge (v 1 , v n ) exists. (This can be verified by counting the degrees of v 1 and v n in Lemma 5 depending on which edges from (iv) exist.) Hence, we can immediately answer no if one of the following holds: (i) the graph is not triconnected; (ii) there are more than three vertices with degree greater than 3; (iii) there are more than two vertices with degree greater than 4; (iv) there are no two vertices with sum of degrees between n and n + 3. Fig. 23 shows all triconnected 1-sided outer-1-fbp graphs with n ≤ 8. Assume that n ≥ 9. Then, the sum of degrees from v 1 and v n is at least 9, so there exists always at least one vertex of degree greater than 4. The task is to find the vertices v 1 and v n and the Hamiltonian path of the graph. Then, we can check whether the correct edges are there in linear time. We derive the following cases. Table 2 gives an overview of the analyzed cases and shows that the case analysis is complete. chord (v 1 , v k ), so the whole graph is symmetric and we can choose either of the degree-4 vertices as v 1 ; see Fig. 24c . This completes the recognition algorithm. We can find vertices v 1 and v n and the Hamiltonian cycle in linear time. We can also check whether the correct edges are in the graph in linear time. So, our algorithm runs in linear time. For the drawing algorithm, if n < 9, we directly take the drawing from Fig. 23 . Otherwise, we identify the case of the proof and then create a drawing according to the case distinction of Fig. 24 .
